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Blending Functions in Hybrid Large-Eddy/Reynolds-Averaged
Navier–Stokes Simulations

X. Xiao,∗ J. R. Edwards,† and H. A. Hassan‡

North Carolina State University, Raleigh, North Carolina 27695-7910

Several blending functions for use in hybrid large-eddy simulation (LES)/Reynolds-averaged Navier–Stokes
(RANS) simulations of shock-separated flows are tested. The blending functions shift the turbulence closure from
a k–ζ turbulence model near solid surfaces to a k −−∆ subgrid closure away from the wall. Three distinct forms for
the blending function are developed: one that depends on the ratio of the von Kármán length scale and the Taylor
microscale, another that depends on the ratio of the RANS eddy viscosity to the subgrid eddy viscosity, and a third
which replaces the von Kármán length scale in the first form with the distance to the nearest wall. Comparisons
are made for two cases: Mach 2.79 flow over a 20-deg compression corner and Mach 2.88 flow over a 25-deg
compression/expansion corner. Inflow boundary conditions for all calculations employ the rescaling/reintroducing
procedure developed by Xiao et al. (Xiao, X., Edwards, J. R., Hassan, H. A., and Baurle, R. A., “Inflow Boundary
Conditions for Hybrid Large Eddy/Reynolds Averaged Navier–Stokes Simulations,” AIAA Journal, Vol. 41, No. 8,
2003, pp. 1481–1489) for hybrid LES/RANS simulations of wall-bounded flows. In general, the blending function
based on the von Kármán length scale gives the best results when compared with measured data. The skin friction
predictions show the highest sensitivity to the various blending functions.

Introduction

H YBRID large-eddy simulation (LES)/Reynolds-averaged
Navier–Stokes (RANS) simulations have received increased

attention lately because they potentially provide a less-expensive
approach than LES for studying unsteady turbulent flows where
the geometry-dependent large structures play a major role in dic-
tating the behavior of the flow. The bulk of the hybrid LES/RANS
approaches make use of two distinct concepts. One advanced by
Speziale1 defines the stress tensor as

τi j = [1 − exp(−β�/Lk)]
nτ

(R)

i j (1)

where Lk is Kolmogorov’s length scale, � is a representative grid
size (or filter width), τ (R)

i j is the Reynolds stress provided by a RANS
model, and β and n are model constants. Another concept is that
of the detached-eddy simulation (DES) of Spalart et al.2 In this
concept, the distance to the nearest wall, d, in the Spalart–Allmaras3

one-equation model is replaced by a new length scale:

d̃ = min(d, CDES�) (2)

where CDES is a model constant. For high-Reynolds-number flows,
the typical behavior of each approach is to model wall-bounded
regions through RANS concepts, because the grid resolution is gen-
erally insufficient in the directions transverse to the wall normal to
resolve details of near-wall eddy motion.

One potential disadvantage of the aforementioned approaches is
that the transition between LES and RANS regions may depend
entirely on the grid spacing and is not generally correlated with
the boundary-layer development. Depending on the choice of grid
scale, the RANS/LES transition can occur deep within the boundary
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layer or well outside. Most calculations with the DES method, in
particular, are gridded such that wall boundary layers are entirely
contained within the RANS region; thus, the technique is most ap-
propriate for flows that exhibit a clear delineation between attached
boundary layers at surfaces (treated as RANS) and free-shear layers
or regions of massive flow separation (treated as LES).

The emphasis in our work is toward internal flows characteristic
of high-speed propulsion devices. Such flows are typically dom-
inated by shock–boundary-layer interactions, which induce local
regions of embedded separated flow that may be unsteady in the
mean. Even in simple shock–boundary-layer interactions, such as
compression-ramp flows, RANS approaches tend to underpredict
the observed rapid recovery of the boundary layer downstream of
reattachment and do not account for low-frequency oscillations of
the separation regions and the associated shock systems. Recent
efforts4−6 have resulted in the development of a class of zonal hy-
brid LES/RANS approaches for such flows, in which the clear afore-
mentioned delineation may or may not be apparent. The term zonal
refers to the use of flow-dependent blending functions to shift the
closure from RANS in the near-wall regions to LES in the outer
part of the boundary layer and in regions of local separation. The
blending function may depend on local flow properties, wall dis-
tances, and a grid scale but is not restricted to depend exclusively
on the grid scale. The viewpoint taken in this work is that the RANS
component functions as a sophisticated form of a near-wall closure
in an otherwise LES description of the flow: thus, a strong cou-
pling of the model response with the boundary-layer structure is
required.

In Refs. 4 and 6, blending functions similar in construction to
those used in Menter’s k–ω/k–ε model7 were used to facilitate
the RANS-to-LES transition. Results were obtained for Mach 2.79
flow over a 20-deg compression corner,8 Mach 2.92 flow over a
ramped cavity,9 and Mach 2.45 flow past a blunt annular sting,10

using Menter’s model as the RANS component of the closure. A
parallel investigation5 utilized a blending function that depended
on the grid scale but not on the wall distance. Results were ob-
tained for Mach 2.88 flow over a 25-deg compression/expansion
corner11 using the k–ζ (enstrophy) model12 as the RANS compo-
nent of the closure. Reference 5 also introduced a procedure for
superimposing a realistic fluctuation field onto a mean inflow pro-
file computed from a RANS model. This approach, a variant of
the rescaling/reintroducing methods used by Urbin and Knight13 in
their LES simulations, allowed for the sustenance of turbulent struc-
tures in the outer portion of the boundary layer and was found to
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be a critical component in predicting the upstream extent of axial
separation regions.

Though encouraging results were obtained in these studies, the
question of how best to design a LES/RANS blending function
remains open. The present work focuses on assessing the perfor-
mance of different blending functions as used with a common RANS
closure (the k–ζ model) and a common subgrid closure. Three dif-
ferent approaches are compared in this work. One approach is in-
dependent of the distance to the nearest wall and the grid scale.
Another is dependent on the distance to the nearest wall but not on
the grid scale, and a third is dependent on the grid scale but not on
the wall distance. Two of the approaches reach well-defined limits
within the logarithmic layer and, thus, the RANS-to-LES transition
may be correlated with the extent of the logarithmic region. The
next section of the paper provides details of the approach, including
the turbulence closure, the blending function definitions, initial and
boundary conditions, and numerical method. Results are then pre-
sented for Mach 2.79 flow over a 20-deg compression corner8 (con-
sidered previously in Ref. 6) and for Mach 2.88 flow over a 25-deg
compression/expansion corner11 (considered previously in Ref. 5).

Technical Approach
Turbulence Closure

The hybrid schemes considered in this work modify only the
turbulence kinetic energy (k) equation and the eddy viscosity defi-
nition. For the k–ζ model, the k equation for the hybrid LES/RANS
scheme can be written as5

∂ρ̄k

∂t
+ ∂ρ̄ũ j k

∂x j
= ∂

∂x j

[(
µ

3
+ µt

σk

)
∂k

∂x j

]
+ τi j

∂ ũi

∂x j

− (1 − 
)

(
1

Ck

µt

ρ̄2

∂ρ̄

∂xi

∂ P̄

∂xi
+ C1

ρ̄k

τρ

+ µζ

)
− 
Cd ρ̄

k
3
2

�
(3)

where

µt = ρ[(1 − 
)νt,R + 
νt,L ] (4)

νt,R = Cµ(k2/νζ ), νt,L = Cs

√
k�

Cµ = 0.09, Cs = 0.01 (5)

The form for the ζ (enstrophy) equation and the undefined constants
and functions in Eq. (3) may be found in Ref. 12. As the blend-
ing function 
 approaches 0.0, the closure approaches its RANS
description, whereas as 
 approaches 1.0, the closure shifts to a
one-equation subgrid model.

When production balances dissipation in the LES region, Eq. (3)
yields a Smagorinsky-type subgrid eddy viscosity:

νt = Cs

√
Cs/Cd |S|�2 (6)

Both Cs and Cd are chosen as 0.01, and the filter width � is given
as the cube root of the local cell volume.

Blending Functions
Three different hybrid blending functions are considered in con-

junction with the k–ζ RANS model. All three functions shift the
closure from a RANS model next to the wall to a one-equation sub-
grid model away from the wall. The first to be considered is explicitly
independent of the grid and the geometry and is written as


vk = tanh(lvk/α1λ)2 (7)

where

lvk = S

|∇S| , λ =
√

k

ζ

S =
√

Si j Si j , Si j = 1

2

(
∂ui

∂x j
+ ∂u j

∂xi

)
(8)

and α1 is a model constant. The length scale lvk is referred to as the
von Kármán length scale and is equal to the distance normal to the

wall in the log-law region. The other length scale, λ, is proportional
to the Taylor microscale, which is the characteristic eddy size in the
inertial subrange. The inertial subrange is the region that lies be-
tween the energy-containing range representative of the large scales
and the viscous range representative of the fine scales.

The second blending function is a variation on the expression
given in Eq. (7) where lvk is replaced by d, the distance to the
nearest wall. Thus,


d = tanh(d/α1λ)2 (9)

Note that lvk is quite different from d outside the log layer.
The third blending function is the grid-scale-dependent function

used in Ref. 5. Thus,


� = tanh(lε/α2�)2 (10)

where

lε = k
3
2
/

νζ (11)

is the integral scale, ν is the kinematic viscosity, and α2 = 5 is a
model constant. Using Eq. (5), it can be seen that

lε/� ∼ νt,R/νt,L (12)

It was found in Ref. 5 that 
 must be a nondecreasing function
as the distance to the nearest wall increases. This requirement was
implemented for 
vk and 
� by choosing


 j = max(
 j , 
 j − 1) (13)

where j is the index of the grid cell in the normal direction. For com-
plex shapes, it may be necessary to keep track of the distance from
the nearest wall. This requirement introduces a degree of geometry
dependence into the formulation. For the other blending function,
where d appears explicitly, the resulting 
 is nondecreasing.

The model constants α1 and α2 were chosen so that 
 achieves
a value of 0.5 somewhere in the log-law region. Substitution of the
log region forms k = u2

τ /
√

Cµ and νζ = u3
τ /κy into Eqs. (7) or (9)

shows that the 
 = 0.5 position occurs at d+ = 0.55κα2
1/

√
Cµ, with

d+ = uτ d/ν. For the given values κ = 0.4, Cµ = 0.09, and α1 = 25,
this places the transition at d+ ≈ 470, which is toward the middle
of the log region for the two cases presented later. Within the log
region, the argument of the hyperbolic tangent function in Eq. (10)
reduces to (d/�)2 = 0.55α2

2C3/4
µ /κ for 
� = 0.5. The precise loca-

tion of the transition thus depends on the variation of the filter width
in the direction normal to the surface.

Initialization Procedure and Boundary Conditions
Two shock–boundary-layer interactions are simulated in this

work. The initialization procedure starts by obtaining a RANS so-
lution for the flat-plate flow leading up to the interaction region.
This is performed such that experimental boundary-layer properties
are matched at a target location upstream of the actual interaction
(given in the experimental databases and listed later). The compu-
tational inflow plane for the calculation of the interaction region is
extracted from the flat-plate solution at a location 10–12 boundary-
layer thicknesses upstream of the target location. A RANS solution
is then obtained for the entire interaction region (see Figs. 1 and 2),
and a hybrid LES/RANS solution is obtained for the flat-plate region
upstream of the wedge apex. This solution provides some large-scale
structural content in the incoming boundary layer and is facilitated
through the use of the rescaling/reintroducing procedure described
in Ref. 5. In this, the fluctuating properties are extracted from a
location upstream of the wedge apex (the recycle plane), rescaled
according to inner- or outer-layer scaling laws, and superimposed on
the RANS mean flow at the actual inflow plane. This step does not
have to be performed until a statistically stationary state is reached,
because the flat-plate solution will be evolved further as part of the
hybrid LES/RANS calculation of the entire domain. Figure 3 shows
the initial condition for the 20-deg ramp calculation, in which the
partially evolved hybrid LES/RANS solution replaces the incoming
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Fig. 1 Schematic of 20-deg compression ramp.8

Fig. 2 Schematic of 25-deg compression/expansion ramp.11

Fig. 3 Initial condition for 20-deg compression-ramp calculation: temperature contours at X–Y centerplane.

RANS flat-plate boundary layer. The need for this rather compli-
cated initial condition arises from the fact that the blending func-
tions, when applied, act immediately to reduce the eddy viscosity,
making the flow much less resistant to the adverse pressure gradi-
ent. In the absence of the resolved turbulence energy from the LES
component, as developed and sustained by the recycling procedures,
unrestricted growth of the separation region may contaminate the
recycle plane and the inflow boundary condition.

Adiabatic, no-slip boundary conditions are employed at solid
surfaces and extrapolation conditions are used at the outflow

boundaries. Periodic boundary conditions are employed in the span-
wise (z) direction. As mentioned earlier, the recycling/reintroducing
procedure of Ref. 5 is used to provide inflow boundary conditions
for all cases considered.

Numerical Procedure
A second-order essentially nonoscillatory upwinding method

based on the low-diffusion flux-splitting scheme of Edwards14 is
used to discretize the inviscid fluxes while central differences are
employed for the viscous and diffusion terms. A planar relaxation
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subiteration procedure, which results in second-order temporal ac-
curacy, is used to integrate the system. The code is parallelized
using domain decomposition and message passing interface strate-
gies and is optimized for the IBM SP-3 architecture at the North
Carolina Supercomputing Center.

Results and Discussion
Twenty-Degree Compression Ramp

A schematic of the experimental setup8 is shown in Fig. 1, which
depicts a 20-cm flat plate connected to a 20-deg ramp. The target
inflow conditions are given at x = −3.81 cm and are summarized
in Table 1. The recycle plane is located at x = −10.3 cm, and the
actual inflow plane is located at x = −20 cm. The grid consists of
449 × 129 × 69 nodes in the streamwise, normal, and spanwise di-
rections. The spanwise extent is set as 2.9δ, where δ is the boundary-
layer thickness at the target inflow conditions. Equal mesh spacing
is used in the x and z directions, whereas the mesh spacing in the
y direction is refined near the wall with y+ < 1 at the first cell cen-
ter off the wall. The computational domain is decomposed into 84
blocks for mapping onto the IBM SP-3 architecture. The time step
employed is 1.2 × 10−7 s. The flow reaches a statistically steady
condition after about seven characteristic times. One characteristic
time is defined as the time necessary for a fluid particle traveling
at the freestream velocity to pass through the domain and is equal
to 6.23 × 10−4 s for this simulation. The simulation was continued
for an additional 4.6 characteristic times to collect statistics. Instan-
taneous flow properties were averaged over the spanwise extent of
the domain and time averaged over the 4.6 characteristic times to
produce nominally two-dimensional mean-flow predictions.

A typical instantaneous velocity contour at the midpoint of the z
extent is shown in Fig. 4. The further evolution of the large-scale
structures in the incoming boundary layer is clearly indicated by
comparing this result with the initial condition shown in Fig. 3. The
local deformation of the separation and reattachment shocks due to

Table 1 Twenty-degree ramp target
inflow conditions at x = −−3.81 cm

Parameter Value

M∞ 2.79
P∞, Pa 26001
T∞, K 100.8
ρ∞, kg/m3 0.77
δ, cm 2.7

Fig. 4 Instantaneous streamwise velocity (u) contours (20-deg compression ramp8).

large-eddy interaction is also indicated, as is the general decrease
in the size of the organized structures in the recovery region down-
stream of the wedge apex. Figures 5–7 compare the wall pressure,
skin friction, and velocity profiles for the hybrid LES/RANS sim-
ulations using blendings 
vk and 
d with two-dimensional results
using the k–ζ RANS model and with experimental data. Figure 5
shows that the two blending functions yield nearly identical results
for wall pressure. Both yield a lower pressure in the separated re-
gion, indicating that the initial displacement effect of the separation
bubble is not as pronounced as indicated in the experiment and
as predicted by the RANS model. One must recognize, however,
that interactions of this type exhibit low-frequency oscillations of
the separation region (which are captured by the present calcula-
tions and similar computations6). The period of these oscillations15

is long enough so that the relatively short-duration sampling of
the hybrid LES/RANS data may not capture a complete cycle of
this motion. The RANS k–ζ model also provides better agree-
ment with experimental skin friction data except in the vicinity of
the separation region itself, where the hybrid LES/RANS models

Fig. 5 Wall pressure distribution, Γd vs Γvk (20-deg compression
ramp8).
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predict a lower backflow velocity (less negative skin friction coeffi-
cient). The 
vk blending results in lower overall skin friction values
than the 
d blending. This leads to better predictions downstream
of reattachment but worse agreement upstream of the separation
region. Figure 7 shows that the hybrid models perform better in
predicting the velocity profiles. Of particular note is the ability of
both hybrid models to capture the rapid recovery of the inner part
of the boundary layer downstream of reattachment, whereas the
RANS model predicts both a delayed reattachment and a less-rapid
recovery.

Figures 8–10 compare results of hybrid LES/RANS simulations
using blendings 
vk and 
� with results from the k–ζ model and
with experimental data. As may be seen from Figs. 8 and 9, the

vk predictions are in better agreement with experiment than those
of the 
� blending. Although the reattachment position is closely
matched, the 
� blending results in a slight overprediction of the
upstream extent of the axial separation region and provides signif-
icantly higher skin friction levels in the recovery region. Figure 10
shows that velocity-profile predictions for the 
� blending are in

Fig. 6 Skin friction distribution, Γd vs Γvk (20-deg compression
ramp8).

a) b)

Fig. 7 Comparison of velocity profiles, Γd vs Γvk (20-deg compression ramp8): a) separation and b) recovery region.

close accord with those of the 
vk blending except for the first two
stations (x = −3.81 and −1.11 cm).

An indication of the relative effects of the different blending func-
tions is shown in Fig. 11: a plot of the average kinematic eddy viscos-
ity νt vs d+ at the recycle plane location upstream of the separation
zone. To give an indication of the predicted extent of the logarith-
mic layer, the velocity profile as predicted by the k–ζ model is
also shown in wall coordinates. The effect of the blending functions
in reducing the eddy viscosity (relative to that of the k–ζ RANS
model) is clearly indicated. The average position of the blending
functions may be indicated by the abrupt drop in the eddy viscosity
value relative to its peak value. All approaches follow the RANS
distribution closely in the inner part of the log region, with the 
vk

prediction providing the best agreement. The 
 = 0.5 position can
be correlated with the midpoint of the decaying portion of the eddy
viscosity distribution. For the 
d blending function, this position
is close to the theoretical estimate of d+ = 470 but, for the others,
the 
 = 0.5 position is shifted inward toward the wall. Comparing
these trends with the skin friction distributions of Figs. 6 and 9, one

Fig. 8 Wall pressure distribution, Γ∆ vs Γvk (20-deg compression
ramp8).
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can observe that better predictions of skin friction upstream of the
interaction zone result when the RANS region extends further into
the middle and outer portions of the logarithmic region.

Twenty-Five-Degree Compression/Expansion Ramp
A schematic of the 25-deg compression/expansion ramp

geometry,11 together with the relevant dimensions, is shown in
Fig. 2. The target inflow conditions at x = −3.3 cm are presented in
Table 2. The recycle plane is located at x = −4.2 cm, and the actual
inflow plane is located at x = −8 cm. The grid contains 481 × 145 ×
65 nodes in the flow, normal, and spanwise directions, decomposed

Table 2 Twenty-five-degree ramp
target inflow conditions at x = −−3.3 cm

Parameter Value

M∞ 2.88
P∞, Pa 11956
T∞, K 114.8
ρ∞, kg/m3 0.36
θ , mm 0.3
δ, mm 4.1

Fig. 9 Skin friction distribution, Γ∆ vs Γvk (20-deg compression
ramp8).

a) b)

Fig. 10 Comparison of velocity profiles, Γ∆ vs Γvk (20-deg compression ramp8): a) separation and b) recovery region.

Fig. 11 Kinematic eddy viscosity vs d+: effect of blending function
(20-deg compression ramp8).

Fig. 12 Wall pressure distribution, Γ∆ vs Γvk (25-deg compression/
expansion ramp11).
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into 84 load-balanced blocks. The spanwise extent of the computa-
tional domain in the z direction is 2.9 δ. This case was considered
previously in Ref. 5. In that reference, grid-refinement studies were
performed, and the effects of varying the model constant α2 on the
predictions provided by the 
� model were examined. Here, we
compare results obtained on the finest grid with α2 = 5 with those
obtained using the 
vk blending.

The time step employed is 6 × 10−8 s. The flow reaches a statisti-
cally steady condition after 9.2 characteristic times. One character-
istic time is defined as just described and is equal to 2.59 × 10−4 s

Fig. 13 Skin friction distribution, Γ∆ vs Γvk (25-deg compression/
expansion ramp11).

a)

b)

Fig. 14 Comparison of velocity profiles, Γ∆ vs Γvk (25-deg compression/expansion ramp11): a) separation and b) recovery region.

for this simulation. Additional runs over about five characteristic
times were carried out to collect statistics. Boundary and initial
conditions were handled in a manner identical to that of the 20-deg
compression ramp.

Because 
vk and 
d blendings gave similar results for the 20-deg
ramp, only comparisons involving 
vk and 
� are shown in Figs. 12–
14. Figure 12 shows that, as in the 20-deg ramp calculation, both
hybrid schemes provide a lower time-averaged pressure in the sep-
arated region. Figures 12 and 13 show that both hybrid models and
the k–ζ RANS model predict the upstream extent of axial separation
well. In general, the 
vk blending yields pressure and skin friction
distributions that are in better agreement with experiment than the

� blending. However, neither approach gives as good agreement
with experiment for these quantities as the RANS k–ζ model.

Similar conclusions hold when considering velocity profiles in the
separated region, as shown in Fig. 14a. In this figure, y′ = y − ywall

and x ′ is measured from the compression corner. The experimental
data do not indicate negative axial velocities but the “cusp” in the
profile may indicate the edge of the backflow region. The 
vk blend-
ing gives better agreement with experiment than the 
� blending,
but the k–ζ model gives better predictions than both hybrid mod-
els. This trend is reversed in the recovery region (Fig. 14b), where
both hybrid schemes provide excellent agreement with experiment
whereas the RANS model again underpredicts the rate of recovery
of the velocity field near the wall.

Conclusions
This paper has compared three LES/RANS blending-function

formulations with experimental data and with RANS solutions for
a 20-deg compression ramp and a 25-deg compression/expansion
ramp. In general, the blending function based on the ratio of the von
Kármán length scale with a modeled form of the Taylor microscale
(
vk) performs the best in predicting the upstream extent of axial
separation and details of the velocity field in the separation and
recovery regions. This model produces a minimal amount of eddy
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viscosity, which is localized in the inner part of the logarithmic
layer. The blending function based on the ratio of the wall distance
with the Taylor microscale (
d ) produces the most eddy viscosity
of the hybrid models and provides the best agreement with mea-
sured skin friction distributions upstream of the interaction zone.
The blending function based on the ratio of a modeled integral scale
with a filter width (
�) provides results that are slightly inferior
to the other two approaches. The RANS-to-LES transition location
for the blending functions based on the Taylor microscale can be
correlated as a function of the wall coordinate d+ (at least for equi-
librium turbulent boundary layers), and the actual position of the
transition can be controlled by varying a model constant. This fact,
plus the observed better quality of the predictions, means that 
vk

and 
d appear more suited for future development and evaluation.
Although the k–ζ RANS model compares better with experiment
in predicting wall pressure, skin friction coefficient, and velocity in
the separated region for the 25-deg compression/expansion ramp, it
did not do as well for the 20-deg compression ramp. In both cases,
the RANS model did not predict the observed rapid recovery of
the turbulent boundary layer following reattachment as well as the
hybrid models.

Acknowledgment
IBM SP3 computer resources were provided by a grant from the

North Carolina Supercomputing Center.

References
1Speziale, C. G., “Turbulence Modeling for Time-Dependent RANS and

VLES: A Review,” AIAA Journal, Vol. 36, No. 2, 1998, pp. 173–184.
2Spalart, P. R., Jou, W.-H., Strelets, M., and Allmaras, S., “Comments

on the Feasibility of LES for Wings and on a Hybrid RANS/LES Ap-
proach,” Advances in DNS/LES, edited by C. Liu and Z. Liu, Greyden Press,
Columbus, OH, 1997, pp. 137–147.

3Spalart, P. R., and Allmaras, S. R., “A One-Equation Turbulence Model
for Aerodynamic Flows,” La Recherche Aérospatiale, Vol. 1, No. 1, 1994,
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